. When one talks of q-extension, q is variously considered as and indeterminate, a complex number q ∈ C or p-adic number q ∈ C p . If q ∈ C, one normally assumes |q| < 1. If q ∈ C p , one normally assumes |1 − q| p < 1. We use the notation 1 + q , (see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] ).
The q-factorial is defined as [n] q ! = [n] q [n − 1] q · · · [2] q [1] q and the Gaussian binomial coefficient is also defined by
, (see [9] ).
Note that
From (1), we easily note that
, (see [5] ).
The q-binomial formulae are known that We say that f is uniformly differentiable function at a point a ∈ Z p , and write f ∈ U D(Z p ), if the difference quotient F f (x, y) = f (x)−f (y) x−y have a limit f ′ (a) as (x, y) → (a, a). For f ∈ U D(Z p ), the fermionic p-adic q-integral on Z p is defined as (3) I −q (f ) = Z p f (x)dµ −q (x) = lim
x , (see [9] ).
From (3), we derive the fermionic p-adic integral on Z p as follows.
For n ∈ N, let f n (x) = f (x + n), we have
From (5), we can easily derive the Euler polynomials, E n (x), as follows.
Note that E n (0) = E n are called the n-th Euler numbers. Now, we consider the Euler polynomials of Nörlund's type as follows.
In the special case
n and E (r) n (0) = E (−r) are called the Euler numbers of Nörlund's type. Let (Eh)(x) = h(x + 1) be the shift operator. Then the q-difference operator ∆ q is defined as
(E − q i−1 I), where (Ih)(x) = h(x), (see [5, 10] ).
From (8), we note that [5, 10] ).
The q-stirling number of the second kind (as defined by Carlitz) is given by
n q , (see [10] ).
By (9) and (10), we see that [10] ).
In this paper, the q-extension of (7) are variously considered. From these q-extensions, we derive some interesting identities and relations of Euler polynomials and numbers of Nörlund's type. The purpose of this paper is to present a systemic study of some families of q-Euler numbers and polynomials of Nörlund's type by using multivariate fermionic p-adic integral on Z p §2. The q-extension of Euler numbers and polynomials of Nörlund type
In this section, we assume that q ∈ C p with |1 − q| p < 1. First, we consider the q-extension of (6) as follows.
Therefore, we obtain the following lemma.
From (11), we note that
Thus, we have
Therefore, we obtain the following theorem.
Theorem 2. For n ≥ 0, we have
Let us consider the q-extension of Eq. (7) as follows.
. Then we have
n,q are called the q-extension of Euler numbers of order r. In the sense of the q-extension of Eq.(7-1), we consider the q-extension of Euler polynomials of Nörlund's type as follows. (15) G (r)
By (15), we see that
Then we have
and
n,q are called the q-extension of Euler numbers of Nörlund's type. For h ∈ Z, r ∈ N, let us define the extended higher-order q-Euler polynomials as follows.
Then, we have
Therefore we obtain the following theorem.
Now, we define the extended higher-order Nörlund's type q-Euler polynomials as follows.
.
From (19), we note that
For h = r, we have
It is easy to se that (24)
By (24), we see that
It is known that (25) I −1 (f 1 ) + I −1 (f ) = 2f (0), where f 1 (x) = f (x + 1).
From (25), we derive
By (26), we see that
By simple calculation, we see that
By (28), we see that
Therefore, we obtain the following proposition.
Proposition 6. For h ∈ Z, r ∈ N, n ≥ 0, we have
From (22), we note that
n,q (x). Hence, we have
For h = r, we see that
n,q (k). From (27), we can also derive
The stirling numbers of the first kind are defined as
It is easy to check that
By (30) and (31), we see that
By (23) and (32), we obtain the following theorem. 9
Proposition 7. For r ∈ N, n ∈ Z + , we have
The generalized Euler numbers and polynomials of Nörlund's type are defined by (33) 2 r (e w 1 t + 1)(e w 2 t + 1) · · · (e w r t + 1) =
and E (r)
n (0|w 1 , · · · , w r ). Now, we can also consider the q-extension of (33) as follows. For w 1 , · · · , w r ∈ Z p , and δ 1 , · · · , δ r ∈ Z,we define
It seems to be interesting to consider another q-extension of the Nörlund's type generalized Euler numbers and polynomials as follows.
(35)
n,q (0|w 1 , · · · , w r ; δ 1 , · · · , δ r ). From (35), we note that
§3. Further Remarks
For h = 0, let us consider the polynomial of E (0,r) n,q (x) and E (0,−r) n,q (x) as follows.
Let us consider the following polynomials.
(38)
By the simple calculation of fermionic p-adic invariant integral on Z p , we see that
From (39), we note that n,q , for n ≥ 1.
